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Abstract In the present paper we develop a new methodology for the development
of efficient numerical methods for the approximate solution of the one-dimensional
Schrodinger equation. The new methodology is based on the requirement that the
phase-lag and its derivatives to be vanished. The efficiency of the new methodology

is proved via error analysis and numerical results.
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1 Introduction

The one-dimensional Schrédinger equation can be written as:

V@) =1+ D/ Ve K]y,
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Many problems in theoretical physics and chemistry, material sciences, quantum
mechanics and quantum chemistry, electronics, etc. can be express via the above
boundary value problem (see for example [23,24,41,48]).

We give the definitions of some terms in (1):

e The function W (x) = I(I + 1)/x% + V (x) is called “the effective potential”. This
satisfies W(x) — Oasx — o0

e The quantity k2 is a real number denoting “the energy”

e The quantity / is a given integer representing the “angular momentum”

e V is a given function which denotes the potential.

The boundary conditions are:

y(0)=0 @

and a second boundary condition, for large values of x, determined by physical con-
siderations.

The last years an extended research on the construction of numerical algorithms for
the solution of the Schrodinger equation has been done. The aim of this research is the
development of fast and reliable methods for the solution of the Schrddinger equation
and related problems (see for example [1-12,14-22,25-40,43-47,49-59,61-114]).

We can divide the numerical methods for the approximate solution of the Schréding-
er equation and related problems into two main categories:

1. Methods with constant coefficients
2. Methods with coefficients depending on the frequency of the problem.!

In this paper, we introduce a new methodology for the development of efficient numer-
ical methods for the numerical solution of the radial Schrodinger equation and related
problems. The new methodology is based on the requirement of vanishing of the phase-
lag and its derivatives. The efficiency of the new methodology will be studied via the
error analysis and the application of the new developed method to the approximate
solution of the one-dimensional Schrodinger equation.

More specifically, we will develop a hybrid Numerov-type methods of eighth alge-
braic order. The development of the method is based on the requirement of vanishing
of the phase-lag and its derivatives. We will investigate the stability and the error of
the new produced method. Finally, we will apply the new obtained method to the
resonance problem. This is one of the most difficult problems arising from the radial
Schrodinger equation. The paper is organized as follows. In Sect. 2 we present the
theory of the new methodology. In Sect. 3 we present the development of the new
method. The error analysis is presented in Sect. 4. In Sect. 5, we will study the sta-
bility properties of the new constructed methods. In Sect. 6 the numerical results are
presented. Finally, in Sect. 7 remarks and conclusions are discussed.

! When using a functional fitting algorithm for the solution of the radial Schrodinger equation, the fitted
frequency is equal to: \/|l(l +1)/x2+V(x) — k2|.
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2 Phase-lag analysis of symmetric multistep methods

For the numerical solution of the initial value problem

Y= fx,y) 3)
consider a multistep method with m steps which can be used over the equally spaced
intervals {x;}/_, € [a, bl and h = |x;41 — x;|, i = 0(1)m — 1.

If the method is symmetric then a; = a,,—; and b; = b,,,—;, i = 0(1) L%J.

When a symmetric 2k-step method, that is for i = —k(1)k, is applied to the scalar
test equation

y'=-ow7y 4
a difference equation of the form

A(H) ypyk + -+ A1(H) ypg1 + Ao(H) yn
+A(H)yp—1+ -+ A (H) yp—t =0 (5)

is obtained, where H = wh, h is the step length and Aog(H), A1(H), ..., Ax(H) are
polynomials of H.

The characteristic equation associated with (5) is given by:
Ak(H) M -+ AL(H) A+ Ag(H) + Ay(H) A -+ Ad(H)AE =0 (6)

Theorem 1 [92] The symmetric 2k-step method with characteristic equation given
by (6) has phase-lag order q and phase-lag constant ¢ given by

—c Hq+2 +0 (Hq+4)

= 2k2Ak(H) + - +2j2A;(H)+ -+ 2 A1 (H)

(N

The formula proposed from the above theorem gives us a direct method to calculate
the phase-lag of any symmetric 2k-step method.

3 The new Numerov-type hybrid method—construction of the new method

Yn = Yn — a0 h* (yr/z/+1 — 2y, + y;,/—l) —2ay h* Y
Yn+1 +C1Yn + Yn—1 = h? [bO (y;l/+l + y}/{fl) +b17;z/] ®)

Application of the above method to the scalar test Eq. 4 gives the following difference
equation:
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A1(H) ypy1 + Ao(H) yp + A1 (H) yu—1 =0

where H = wh, h is the step length and A¢(H) and A;(H) are polynomials of H.
The characteristic equation associated with (9) is given by:

Al(H) A+ Ag(H) + A{(H)A™' =0 ©)
where

Ay(H) =1+ H*by+ H*by ag
Ao(H)=c1 + H*by —2H*biap+2H* by a;

Applying the formula (7) with k = 1 we have that the phase-lag is equal to:

hl — 2A1(H)cos(H) 4+ Ao(H) B l& (10)
P = 2A,(H) 2Tl

where Ty = 2 (1 4+ H?bo + H*b1ap) cos(H) + ¢ + H?by — 2H*b1ag + 2H*b1a
and Ty = 1 + H?by + H*byay.
the first derivative of the phase-lag is given by:

phl = -2 (1)

where:
Ty = — (201b1a0H3 + sin(H) H8b12a0> — 2Hbyaybo + 2H byagho
+2sin(H)H*b1ag — 4Hb1a; + 4H>biag — Hby + sin(H)
+ 2 sin(H) Hby + sin(H) H*bo? + Hb12ag + 2 sin(H) Hobobyag + Hclbo)
and

2 4 2
T3:(1+H bo + H blao)

the second derivative of the phase-lag can be written as:

. Ty
phl = T (12)

where:
Ty = — (3 cos(H)H3b1%ap>+3 cos(H)H*b1aog+3 cos(H)H*by> + 3 cos(H) H? by
+6cos(H)H®bobrayg + HOb1?aghy — 6 H®b1>ay*by + 2HOb1agbo’

- 2H6b1a1b02 — 10c1b12a02H6 — 9C1b1a0H4b() + 6H8b12a1b0a0
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—3H8%ap® — 3c1bo> H? + cos(H)H®by> + cos(H)H b3 ap’
+3cos(H)H"b1%ay*by + 3 cos(H)H3bo*brag — by + 12b1agH?
+20H%b1%a1a0 + 6¢1biagH? — 6 H*braiby + 6 H*bragby + 12H*b1%aq
+cos(H) — 12H2b1a1 + c1by + 3H2b1b() — 20H6b12002)

and
2 4 3
Ts = (1+H bo + H blao) .

the third derivative of the phase-lag can be written as:

T
phl = 7: (13)

where:

Ts = (—12H“b14ao3 — 12¢1bo> H? + 12H%b13ag2by + 24 H b1 2ay>by>

—24H"b3ag by — 60c1b13ay> H® — 120H°b13ag® + 12H3b1by?
+sin(H)H®bo* — 24H°b1%a1bo*ag + 4 sin(H)H "*b13ag’ by
+4sin(H)H''by>b1ag + 6 sin(H)H 2bi%ay*by® + 48 H b1 %aghy
+96Hb1%ag*bo+12 sin(H) H '°b1%ag>bo+24 H bragbo+6 sin(H) H3b; > ay?
+4sin(H)H*b1ag + 120c1b1%ag> H> + sin(H) + sin(H) H'%b;*ay*
+72c1biagH by — 96 H by 2aiboay — 24H3braibo + 12¢1by> H
—60H3b1%ag + 4sin(H)H®by> + 24Hb1ay + 120H bi3ag®> — 12Hb by
—24bagH + 240Hb1%ay* + 4sin(H)H>bo + 6 sin(H) H*by>

+12 sin(H)H6b0b1ao — 7261b12a02H7b0 — 4861b1a0H5b02

+24H" bi3arboag® +120H°b13arag> +12 sin(H)H3bo*brag — 12¢1b1agH
+4sin(H)H"b;3ay — 24OH5b12a1a0)

and
2 4 4
Ty = (1+H bo + H blao)

and finally the fourth derivative of the phase-lag can be written as:

T
phl = Fz (14)

where:

Ty = (10 cos(H)H3b1%ao*+5 cos(H)H*brag+10 cos(H) H*bo*>+5 cos(H)H by
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+20cos(H)H bobrag — 180b;%agH> — 120c1by> H> — 1212H'0b *ay?
+10cos(H)H by + 10 cos(H)H"2b3ay® + 30 cos(H)H b %ag’by
+30cos(H)H3bo2b1ag + 840H 2b1*ap* + 12¢1bo® — 3720H3b;3ap’

+ 120H?b1by* + 1620Hb 3 ap® + 1560b1%ag> H* — 60H*b; by

— 120H"b1%ag’ by + 420c1b1*ag* H'> —840H b1 *ayay® +12H b2 ag’by?
+24H"9%%ay?by> —240H b3 ag by + 120H b1 *ag*bo+300¢1bo> HOb 1 ag
+240H"2b13a1bo%ag? — 120H b1 *a1boag® + 6001 by %ag> HEby?
—24H""p2a1bo>ag+588c1b13ay> H' by +cos(H) H''by> +cos(H) H* b1 ap?
+10cos(H)H'®b13agby? + 5 cos(H)H'8b1*ao* by + 5 cos(H) H by byag
+ 10 cos(H)H"*bo>b1%ag® + 1248 H'Ob 3 a1 boao® + 360H b1 2ayagbo
+300c1 bragH?bo + 780c1b12ag> H* + 120H*b1a1 by — 120H*b1agbo’
—360H%b1%ay’by + 120H*b1>agby — 240H>b1aiby — 1560H*b1%arag
+5cos(H)YH"b1*ay* + 5cos(H)H®bo* + 20 cos(H)H*b13ag by
+20cos(H)H'"°bo3brag + 30 cos(H)H b1 %ag’by?> — 780c1b1ag H*by?

+ cos(H) + 60c1bo* H* — 24b1ag + 60H b ag* + 24b1a;
—120H8b12a1bo*ag — 1800¢1b1%ag> Hoboy — 1860c b1 ag® H®
+240b1agH?bo + 3720H8b3ara0® — 300H®b 1 2agby® — 540H8b 3 ay’bo
+120H8b1%ap*bo*> — 1248 H'°b3ay>by — 12b1by — 12c1b1a0)

and
2 4 3
Ty = (1+H bo + H blao)

Demanding the phase-lag and its first, second, third and fourth derivatives to be
equal to zero we find out the coefficients mentioned in the “Appendix 1.

For small values of |H | the formulae given by (35) are subject to heavy cancella-
tions. In this case the Taylor series expansions should be used (see “Appendix 17).

The behavior of the coefficients is given in the following Fig. 1.

The local truncation error of the new proposed method is given by:

59,10 (

10 2. (8 4. (6 6.4 8,2 8
= es0ag00 Un = 507 + 100"y — 100y + 50 3 = ofy,)

15)

4 Error analysis

We will study the following methods:
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Fig. 1 Behavior of the coefficients of the new method given by (35-39) for several values of H

e The Classical Method of the Farnily2 (mentioned as P L0)
e The New Developed Method of the Family (mentioned as PL1)

The error analysis is based on the following steps:

e The radial time independent Schrodinger equation is of the form

Y'() = f(x) y(x) (16)

e Based on the paper of Ixaru and Rizea [27], the function f(x) can be written in the
form:

f)=gx)+G a7

where g(x) = V(x) — V. = g, where V, is the constant approximation of the
potential and G = v> = V. — E.

e We express the derivatives y,(f), i =2,3,4, ..., which are terms of the local trun-
cation error formulae, in terms of the Eq. 16. The expressions are presented as
polynomials of G

e Finally, we substitute the expressions of the derivatives, produced in the previous
step, into the local truncation error formulae

2 We call Classical Method the method of the family with the constant coefficients.
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Based on the procedure mentioned above and on the formulae:

¥ = (V(x) = Vo + G) y(x)

y&® = (d— V(x)) y(x) +2 (i V(x)) (i y(x)
n dx2 dx dx

d2
+ (V(x) = Ve +G) (dx_2 y(x))

d* d3 d
20 = (@ V(x)) y(x) + 4 (— V(x)) (a y(x))
d2 d2 d 2
+3 ( V<x>) ( = y(x)) +4 ( V<x)) y(x)

+6 (Vx) = V. +G) (i y(x)) (% V(x))

2
+4 (Ux) =V +G) yx) ( d V(x))

d2
+ (V&) = Ve +G)? ( 2y<x>)

we obtain the expressions of the local truncation error mentioned in “Appendix 3”.

We consider two cases in terms of the value of E:

e The energy is close to the potential, i.e. G = V., — E = 0. So only the free terms of
the polynomials in G are considered. Thus for these values of G, the methods are
of comparable accuracy. This is because the free terms of the polynomials in G, are
the same for the cases of the classical method and of the new developed methods.

e G >» 0or G <« 0. Then | G | is a large number. So, we have the following

asymptotic expansions of the Egs. 45 and 46.
4.1 The classical method of the family

10

LTE 9h (x) G +
=———y(x
PLO = 26204800

4.2 The new developed method of the family

59 410 d*
LTEpL; =

4762800

From the above equations we have the following theorem:

@ Springer
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Theorem 2 Forthe Classical Method of the New Family of Methods the error increases
as the fifth power of G. For the New Method of the Family of Methods the error increases
as the second power of G. So, for the numerical solution of the time independent radial
Schrodinger equation the new obtained Method of the Family of Methods is the most
accurate one, especially for large values of | G |=| V. — E |.

5 Stability analysis

We apply the new family of methods to the scalar test equation:

y// — _t2y’ (20)
where ¢ # w. We obtain the following difference equation:
A1(H,s) yn1 + Ao(H, ) yn + A1 (H, 5) yp—1 =0

where s = t h, h is the step length and Ag(H, s) and A (H, s) are polynomials of s.
The characteristic equation associated with (21) is given by:

Al(H,s)s+ Ao(H,s)+ Ai(H,s)s™' =0 1)
where

Al(H,s) =14 s2by+s*bag
Ao(H,s) =c1 +52by —2s*brag+ 25 by a (22)

Definition 1 (see [42]) A symmetric four-step method with the characteristic equation

given by (21) is said to have an interval of periodicity (0, w) if, for all w € (0, wj),
the roots z;, i = 1, 2 satisfy

212 =eHO0UM <1, i =34 (23)

where 0(t h) is a real function of t h and s = ¢ h.

Definition 2 (see [42]) A method is called P-stable if its interval of periodicity is
equal to (0, 00).

Theorem 3 (see [60]) A symmetric two-step method with the characteristic equa-

tion given by (21) is said to have a nonzero interval of periodicity (O, sé) if, for all
RS (0, sg) the following relations are hold

Pi(H,s)P>(H,s) <0, (24)
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Stability region

40r

351

301

25}

] 5 10 15 20 25 30 35 40
H

Fig.2 s — H Plane of the new method of the family of method developed in this paper

where H = wh,s = th and:

Pi(H,s) = Ao(H,s) +2A(H,s), 25)

PZ(H9 S) = AO(H’ S) - 2A1(H9 S)
Definition 3 A method is called singularly almost P-stable if its interval of periodicity
is equal to (0, 00) — S3 only when the frequency of the phase fitting is the same as the
frequency of the scalar test equation, i.e. H = s.

Based on (22) the stability polynomials (25) for the new developed methods take
the form:

Pi(H,s)=c1+s>by +2s*bra; +2+2s% by,
Py(H,s)=c1+s*by —4s*brag+2s*bra; —2 —2s%by (26)
In the Fig. 2 we present the s — H plane for the new method of the new family of
method developed in this paper (Sect. 3).

In the case that the frequency of the scalar test equation is equal with the frequency
of phase fitting, i.e. in the case that H = s, we have the Fig. 3 for the stability poly-
nomials of the new developed methods. A method is P-stable if the s — H plane
is completely shadowed. From the above diagrams it is easy for one to see that the
interval of periodicity of all the new methods is equal to: (0, 712).

Remark 1 For the solution of the Schrodinger equation the frequency of the exponen-
tial fitting is equal to the frequency of the scalar test equation. So, it is necessary to
observe the surroundings of the first diagonal of the w — H plane.

3 Where S is a set of distinct points.
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Stability of the New Method

4 2 4 6 8 \:::/3— M 16 1B A
ﬂ

K|

2

3

4

5

Fig. 3 Stability polynomial of the new developed method in the case that H = s

6 Numerical results: conclusion

In order to illustrate the efficiency of the new methods obtained Sect. 3 we apply them
to the radial time independent Schrodinger equation.

In order to apply the new methods to the radial Schrédinger equation the value
of parameter v is needed. For every problem of the one-dimensional Schrédinger
equation given by (1) the parameter v is given by

v=1Igx) =IV(x) - E| 27)

where V (x) is the potential and E is the energy.

6.1 Woods—Saxon potential

We use as potential the well known Woods—Saxon potential given by

uon upz

Vi) = .
R

(28)

with z = exp[(x — X¢) /a],up = —50,a = 0.6, and X = 7.0.

The behavior of Woods—Saxon potential is shown in the Fig. 4.

It is well known that for some potentials, such as the Woods—Saxon potential, the
definition of parameter v is not given as a function of x but based on some critical

@ Springer



992 J Math Chem (2009) 46:981-1007

points which have been defined from the investigation of the appropriate potential (see
for details [26]).

For the purpose of obtaining our numerical results it is appropriate to choose v as
follows (see for details [26]):

~v—=50+E, for x € [0,6.5 — 2h],
~=315+E, forx=65—nh

v=1+—-25+E, for x = 6.5 (29)
V=1254+E, forx=65+h
VE, for x € [6.5 + 2h, 15]

6.2 Radial schrodinger equation: the resonance problem

Consider the numerical solution of the radial time independent Schrédinger equation
(1) in the well-known case of the Woods—Saxon potential (28). In order to solve this
problem numerically we need to approximate the true (infinite) interval of integration
by a finite interval. For the purpose of our numerical illustration we take the domain
of integration as x € [0, 15]. We consider Eq. 1 in a rather large domain of energies,
ie. E €[1,1000].

In the case of positive energies, E = k?, the potential dies away faster than the

term l(lezl) and the Schrodinger equation effectively reduces to

Il+1
y”<x>+(k2— (; ))y(x>=0 (30)

for x greater than some value X.

The above equation has linearly independent solutions kxj;(kx) and kxn;(kx)
where j; (kx) and n;(kx) are the spherical Bessel and Neumann functions respectively.
Thus the solution of Eq. 1 has (when x — 00 ) the asymptotic form

y(x) >~ Akxjj(kx) — Bkxn;(kx)

[ l
~ AC |:sin (kx — 771) + tan §; cos (kx — %)} 31

where §; is the phase shift that may be calculated from the formula

_ yO)S(x) — y(x1)S(x2)

tan§; =
y(x1)C(x1) — y(x2)C(x2)

(32)

for x1 and x, distinct points in the asymptotic region (we choose x| as the right hand
end point of the interval of integration and x» = x; — h) with S(x) = kxjj(kx)
and C(x) = —kxn;(kx). Since the problem is treated as an initial-value problem,
we need yo before starting a one-step method. From the initial condition we obtain
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yo. With these starting values we evaluate at x; of the asymptotic region the phase
shift §;.

For positive energies we have the so-called resonance problem. This problem con-
sists either of finding the phase-shift §; or finding those E, for E € [1, 1000], at which
8; = %. We actually solve the latter problem, known as “the resonance problem” when
the positive eigenenergies lie under the potential barrier.

The boundary conditions for this problem are:

y(0) =0, y(x) = cos («/Ex) for large x. (33)

We compute the approximate positive eigenenergies of the Woods—Saxon resonance
problem using:

e the Numerov’s method which is indicated as “Method I”

o the exponentially fitted four-step method developed by Raptis [58] which is indi-
cated as “Method II”

e the two-step Numerov-type method with minimum phase-lag produced by Chawla
and Rao [13] which is indicated as “Method III”

e Exponentially fitted two-step method developed by Raptis and Allison [56] which
is indicated as “Method IV”

e Exponentially fitted four-step method developed by Raptis [59] which is indicated
as “Method V”

e the classical form (see Foot note 2) of the new proposed Numerov-type method
which is indicated as “Method VI”.

e the new two-step Numerov-type method with phase-lag and its first, second, third
and fourth derivatives equal to zero obtained in Sect. 3 which is indicated as “Method
VII”.

The computed eigenenergies are compared with exact ones.
In Figs. 5, 6, and 7, we present the maximum absolute error log; (Err) where

Err = |Ecalculated - Eaccurate| (34)

of the eigenenergies E>, E3 and E4, for several values of NFE =number of function
evaluations.

7 Conclusions

In the present paper we have developed a family of methods of sixth algebraic order
for the numerical solution of the radial Schrodinger equation.

More specifically we have developed a two-step Numerov-type method with phase-
lag and its first, second, third and fourth derivatives equal to zero.

We have applied the new method to the resonance problem of the radial Schrédinger
equation.
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The Woods-Saxon Potential

2 4 6 8 10 12 14

-10+

-20

-30 +

404

=50+

Fig. 4 The Woods—Saxon potential

Err for the Resonance 163.215341

8 p ’
it
0_’——0‘—""’_— vy —— Method |

7 —m— Method II

6 Method Il
—+— Method IV

) / —i— Method V

4 L Method VI
—e— Method VI

3 .

2 4

l r

120 240 480 960 1920
NFE

Err

Fig. 5 Error Errmax for several values of n for the eigenvalue E; = 163.215341. The nonexistence of a
value of Errmax indicates that for this value of n, Errmax is positive

Based on the results presented above we have the following conclusions:

e The exponentially fitted four-step method developed by Raptis [58] (Method II) is
more efficient than the Numerov’s method (Method I).

e The two-step Numerov-type method with minimum phase-lag produced by Cha-
wla and Rao [13] (Method III) is more efficient than the exponentially fitted four-
step method developed by Raptis [58] (Method II) for the energy 163.215341,
less efficient for the energy 989.701916 and of the same efficiency for the energy
341.495874.
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Err for the Resonance 341.495874

104
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1
0 v . -
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Fig. 6 Error Errmax for several values of n for the eigenvalue E3 = 341.495874. The nonexistence of a
value of Errmax indicates that for this value of n, Errmax is positive

Err for the Resonance 989.701916
10,
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L A - I |

=
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[

60 120 240 480 960 1920
NFE

Fig. 7 Error Errmax for several values of n for the eigenvalue E4 = 989.701916. The nonexistence of a
value of Errmax indicates that for this value of n, Errmax is positive

e The two-step method developed by Raptis and Allison [56] (Method IV) is more
efficient than Numerov’s method (Method I) but less efficient than all the other
methods.

e The exponentially fitted four-step method developed by Raptis [59] (Method V)
is better than the Numerov’s method (Method I), the exponentially fitted four-step
method developed by Raptis [58] (Method II), the two-step Numerov-type method
with minimum phase-lag produced by Chawla and Rao [13] (Method III) and the
two-step method developed by Raptis and Allison [56] (Method IV)
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e The classical form of the new proposed Numerov-type method (Method VI) is
better than the Numerov’s method (Method I), the exponentially fitted four-step
method developed by Raptis [58] (Method II), the two-step Numerov-type method
with minimum phase-lag produced by Chawla and Rao [13] (Method III), the two-
step method developed by Raptis and Allison [56] (Method IV). For the energies
163.215341 and 341.495874 is better than the exponentially fitted four-step method
developed by Raptis [59] (Method V) but for the energy for the 989.701916 has
approximately the same behavior than the exponentially fitted four-step method
developed by Raptis [59] (Method V)

e Finally the new developed two-step Numerov-type method with phase-lag and its
first, second, third and fourth derivatives equal to zero (Method VII) is more efficient
than all the other methods.

All computations were carried out on a IBM PC-AT compatible 80486 using double
precision arithmetic with 16 significant digits accuracy (IEEE standard).

Appendix 1

a) = (—H4cos(3H) + 2H4cos(2H) + 18 — 18Hsin(3H) — 36 Hsin(2H)
—6H%sin(2H) — 18 cos(2H) + 126 sin(H)H + 6H*cos(2H)
—51sin(H)H> — 3H3sinBH) — 59 cos(H)H* — 33 cos(H) H>
—3Hzcos(3H) +9cos(3H) + 30H? — 9cos(H) — 14H4)/

(—12H5 sin(3H) — 204H’sin(H) + 4Hcos(3H) + 236 cos(H) H®

+60H"* cos(3H) + 660 cos(H)H* + 180H?cos(3H)
—180 cos(H)Hz) (35)

ay = (—900 cos(H)H> — 270 cos(H)H — 135Hcos(4H) — 90H>cos(4 H)

+ 1044 H?sin(H) + 132 cos(H)H> — 346 H%sin(H) — 36 H?sin(5H)
+27sin(3H) + 54sin(4H) — 27 sin(5H) + 37H®sin(3H) + 12Hcos(3H)
+ 144H?sin(3H) — 576 H? sin(2H) — 108 H cos(2H) + 468 H>cos (3H)
+45H*sin(3H) + 243Hcos(3H) — 4H cos(2H) — 270H*sin(2H)
+26Hin(2H) + 72H3cos(2H) + 36 H>cos(2H) — 36 Hsin(4H )
+27Hcos(5H)—9H*sin(5H)—45H*sin(4 H)+630sin(H)H*— H%sin(5H)
+ H'cos(4H)—6H’cos(4H)—7HOsin(4 H)+243 H+54 sin(H)+450H>
—108sin(QH)+42H> — 69H7) / (—42H6sin(6H) — 1620 cos(H)H>

— 1620H3cos(4H) — 72H® sin(4H) + 2550 H%sin(2H) + 1080 H’sin(H)
+ 6768 cos(H)H> — 3444 H5%in (H) — 2H8sin(6H) — 540Hsin(5H)
+ 144Hcos(5H) + 270H? sin(6H) + 270H>cos(6H) — 14H® sin(5H)

@ Springer



J Math Chem (2009) 46:981-1007 997

+ 108H cos(6H) + 2Hcos(5H) — 2442 H%sin(3H) + 1728 H> cos(3H)
+540H?sin(3H)—810H? sin(2H)+1350H>cos(3H) — 1620 H*sin(3H)
+864H cos(2H) — 2160H* sin(2H) + 9198 Hsin(2H)—270H3cos(2H)
—4428H°cos(2H) + 612H” cos(3H) + 6576 cos(H)H ' +138H® cos(3H)
— 1388 H8sin(H) — 634H3sin(3H) + 1300H cos(H) + 12H  cos(5H)
—540H*sin(5H) + 3240H* sin(4H) — 1080 sin(H)H* — 150H° sin(5H)
+360H"cos(4H) + 864 H cos(4H) + 504Hsin(4H) + 1620H°
+270H3cos(SH) — 5184H5 — 4104H7) (36)

by = (4824 cos(H)H?> — 1620 cos(H)H — 270H cos(4H) — 216 H>cos(4H)

by

+ 5400H%sin(H) — 528 cos(H)H> + 692H%sin(H) — 12H>cos(5H)
+270sin(3H)+540sin(4H)—270sin(5H) —74H6sin(3H)+252Hscos(3H)
—3240H%sin(3H) + 1080H? sin(2H) — 1080Hcos(2H) — 432H? cos(3H)
—222H*in(3H) + 1890H cos(3H) + 8H cos(2H) + 924 H*sin(2H)
—172H%in(2H) — 2160H7 cos(2H) — 552 Hcos(2H) + 540H’sin(4H)
—270Hcos(5H) + 6H*sin(5H) + 114H*sin(4H) — 5988 sin(H) H*
+2H%in(5H) — 2H cos(4H) — 60H cos(4H) + 2Hsin(4H) + 1350H

+ 540 sin(H)— 1944 H> —72H3cos(5H) — 1080 sin(2H) — 1260H5+138H7)/

(—702 cos(H)H? — 27H3cos(4H) + 5H®sin(4H) + 146 H3sin(2H)

+270H%sin(H) + 3852 cos(H)H> — 4530H sin(H) — 135H”sin(5H)
—72H’cos(5H) — H3sin(5H) — 447H®sin(3H) — 756 Hcos(3H)

+ 135H?sin(3H) — 540H? sin(2H) + 891 H3cos(3H) — 2088 H*sin(3H)
—444H"cos(2H) + 1224H* sin(2H) + 1266 H%sin(2H) — 540H>cos(2H)
—1368H cos(2H) — 264H” cos(3H) + 396 cos(H)H' — 346 H® sin(H)
+37H8sin(3H) + 270H%sin (4H) — 69H® + H’cos(4H) — 4H’cos(2H)
+12H"cos(5H) + 36 H*sin(5H) + 360H*sin(4H) + 2196 sin(H) H*
+51H%in(5H) + 18H cos(4H)+ 18 H cos(4H) + 123Hsin(4H)+567H"
—189H3cos(5H) — 1674H> — 1230H7) (37

(2 H® sin(6 H) — 6768 cos(H) H? + 1620 cos(H) H + 1620 H cos(4 H)

— 864 H> cos(4 H) — 270sin(6 H) + 1080 H? sin(H) — 6576 cos(H) H>
+ 1388 HOsin(H) — 270 H cos(6 H) + 540 H? sin(5 H) — 12 H> cos(5 H)
—108 H3 cos(6 H) — 540 sin(3 H) + 540sin(5 H) + 634 H® sin(3 H)

— 612 H’cos(3 H) + 1620 H? sin(3 H) + 2160 H? sin(2 H)

+270 H cos(2H) — 1728 H? cos(3 H) + 2442 H* sin(3 H)
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— 1350 H cos(3 H) — 9198 H* sin(2 H) — 2550 H® sin(2 H)

+4428 H? cos(2 H) — 864 H> cos(2 H) — 138 H cos(3 H)

—1300cos(H) H' — 3240 H?sin (4 H) — 270 H cos(5 H) — 2 H' cos(5 H)
+ 150 H* sin(5 H) — 504 H* sin(4 H) + 3444 sin(H) H* + 14 H® sin(5 H)
—360 H> cos(4 H) + 72 H®sin (4 H) — 1620 H — 1080 sin(H) + 5184 H*
—144 H3 cos(5 H) + 810sin(2 H) + 42 H* sin(6 H) + 4104 HS) /

(702 cos(H) H> + 27 H> cos(4 H) — 5 H®sin(4 H) — 146 H® sin(2 H)

—270 H? sin(H) — 3852 cos(H) H> + 4530 H® sin (H) + 135 H?sin(5 H)
+72 H? cos(5 H) + H¥sin(5 H) + 447 H® sin(3 H) + 756 H> cos(3 H)
—135 H?sin(3 H) + 540 H? sin(2 H) — 891 H® cos(3 H)

+2088 H* sin(3 H)+444 H cos(2 H)—1224 H*sin(2 H)—1266 H% sin(2 H)
+540 H? cos(2 H) + 1368 H> cos(2 H) + 264 H cos(3 H)

—396cos(H) H' + 346 H sin(H) — 37 H sin(3 H) — 270 H? sin(4 H)
+69H° — Hcos(4H) +4 H’ cos(2H) — 12 H cos(5 H)

—36 H*sin(5 H) — 360 H*sin (4 H) — 2196 sin(H) H* — 51 H®sin(5 H)

— 18 H  cos(4 H) — 18 H’ cos(4 H) — 123 H® sin(4 H) — 567 H*

+189 H? cos(5 H) + 1674 HY + 1230 H7) (38)

¢l = (Hﬁsin(éﬂ) +3924 cos(H)H?> — 162 cos(H)H — 486 H cos(4H)

— 648 H3cos(4H) + 135sin(6H) — 2736 H?sin(H) + 672 cos(H) H>

+ 1618 H sin(H) + 81H cos(6H) — 252H?sin(5H) + 54H’cos(5H)

+72H?sin(6 H)+54H>cos(6H)+270 sin(3H) +6H>cos(6 H) —270 sin(5H )
+479Hin(3H) + 858H° cos(3H) — 1260H?sin(3H) + 1296 H?sin(2H)
—81Hcos(2H) + 1890H3cos(3H) 4+ 105H*sin(3H) — 81 Hcos(3H)

+ 1359H*in(2H) — 1275H° sin(2H) + 378 Hcos(2H) — 2742Hcos(2H)
—69H cos(3H) — 650cos(H)H + 1188H?sin(4H) + 243Hcos(5H)

— H'cos(5H) — 33H*in(5H) + 396 H*sin(4H) + 714 sin(H)H*
+13Hsin(5H) — 216 Hcos (4H) + 36 HOsin(4H) + 486 H + 540 sin(H)
—5832H° + 234H3cos(5H) — 405 sin(2H) + 3H*sin(6H) + 4392H5)

/ (3852 cos(H)H? — 702 cos(H)H — 27Hcos(4H) + 18 H3cos(4H)

+2196H?sin(H) + 396 cos(H)H> — 346 H%sin(H) + 36 H’sin(5H)

+ 12H500s(5H) +135sin(3H)+270sin(4H)—135sin(5H) + 37H65in(3H)
—264H%cos(3H) — 2088 H? sin(3H) + 1224 H?sin(2H) — 540H cos(2H)
—756H3cos(3H) — 447H* sin(3H) + 891 Hcos(3H) — 4Hcos(2H)
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+ 1266 H*sin(2H) + 146 HS sin(2H) — 1368 Hcos(2H) — 444 Hcos(2H)
+360H?sin(4H) — 189Hcos(5H) + 51 H*sin(5H) 4+ 123H*sin(4H)
—4530sin(H)H*— H®in(5H) + H cos(4H) + 18 H>cos(4H)+5H sin(4H)
+567H +270sin(H) — 1674H> — 72H>cos(5H) — 540sin(2H) — 1230H°

—69H7) (39)
Appendix 2
1 n 59 ) 30979 4 18186977 6
aly = —— — _—
! 46 126960 1927252800 20168700552000
32786131009 i 18575423955577 10
3673930492552320000 21547602338819356800000
14007095145979224077 12
377028740971444919220864000000
386124432536554879

ao

b

1

14

~ 774255450209217244828560000000
4024843359689988634592377

_ H ... (40)
47388893264197300474838084505600000000
13 N 413 5 5547083 4 561691297 6
13800 4761000 1011807720000 2268978812100000
842863393103 3 3196599628269881 10

+91848262313808000000 +11312491227880162320000000
818605921582206570851

84831466718575106824694400000000
129294552293221877153

+-261311214445610820129639000000000
848253808628743843741846619

24879168963703582749289994365440000000000

L, 59 o 2995 L, 1714889, 403237411

252 ' 63504 88016544 262129271040 726622339322880

12

14

H'® ... (41)

8

587107461797 10 1296478724662139 12
17120675559125698560 819737945770938447052800
22443894102319891 14
537092302069118870508994560
29654232116575081591

+ H' 4. (42)
22528195270209699150112800768000

15 59 o, 2995 . 1714889 o 200638723

126 31752 44008272 ' 131064635520  72662233932288
1230195843967 0 490648924648621

©5350211112226780800 © 31528382529651478732800

12
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1051877512638955999 14

~ 1342730755172797176272486400
291379254608108378287

_ H© 4 ... (43)
11264097635104849575056400384000
ey O g, 233 12 2348677 14
76204800 4224794112 692021275545600
2645563
H®+... (44)
17438936143749120

Appendix 3

The classical method of the family

B O ())3 (5:0) + 130000 (d—3 )
PLO = 952560 \dx & ax ) T 1360800 \did &%
59 ds 59 d’

76204800 (az%é“x’) YO+ 55235600 (8}75“x)) (HZ
1711 d 2 a2

+9525600 (— g(X)) y(x) (d—2 g(x))

" 1190700 1190700 ( (x)) Y (d 5 g(x))
59 &3

t 575160 ( 5 g(x)) (— y(X)) (@ g(X))
59

+777600 ( glx )) y(x) ( g(x))
59 d*

+423360 (— glx )) (—y(x)) (@ g(X))
9971 d d

* 38102400 ) (dx3 g(x)) (Eg (x))

59 d? d
+ 238140 g(x) (— y(x)) (@ g(x)) (a g(x))

b ) )+ e y(1) G
_— X X _— X
76204800 £ Y 76204800 >

2

) y(x)

d
y(x))

59 d? 59 d d
+(1524096 (@ g(x)) YO+ 3810240 (E g(x)) (Ey(x))

> ()2(>) > (iu)z()
* 7620480 S YV 762048 \dx 5)
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59 d?
* 503032 g(x) y(x) (@ g(x))

2537 d+ 59 d? d
38102400 (d 4g(x)) Y+ 552560 (dx3 8(x )) (Ey(x))

59 59 ; )
1270080 $™ ( (x)) (E g(x)) * 7620480 5 y(x))G

12449 [ &2 : 1829 [ & d
*\ 76204800 (dx_zg(x)> YO+ 35102400 \ @ 8 (ay (x))
2537 a* 59 d 2
+ 19051200 g(x) y(x) (@ g(x)) + 381004 g(x) y(x) (a g(x))

9971 d a3
38102400 (a g(x)) e (@ g(x))
59 ) d?
+ 508032 g(x)” y(x) (@ g(x))
59 d d d?
* 238140 (E g(x)) (Ey(x)) (@ g(x))
+ —127509080 g(x)? (% y(x)) (% g(x))
1711 dé 59 a3
+ 26204300 ( —— 8k )) y(x) + 176280 8(x) (—y( )) (@g(ﬂ)
SR g(x)“y(x))c D Py (— g<x>)2
15240960 762048
59 , (d 59 .
*+ 3810240 5™ (E y(x)) (E g(x)) 15240060 8V ©

_ 9 d2 12449 dz

1829 d d>
+ mg(x) ( y(x)) Fe 8(x)

2537 ,
+mg( x)7 y(x) (dx4 g(x))

1711 dé
+ mg(x))’(x) ( 6g(X))

59 5 a3 45
* 5525605 (ay(x)) (@g(x))) (45)

2
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The new developed method of the family

LTEp. = h'*
Pl (4762800 (

59 d
n (—952560 ( sx >) (d— <x>) ( - 2g<x>)
T ()(—4 ()) P ()2()(“1—2 ())
19051200 &7 48 )T 9905120 8 Y \ 2 8

59 d 2 59 d°
+mg(x)y(x) ( g(x)) + 3175200 (@ g(x)) y(x)
2

59 & d 1003 ( d@?
2381400 \ @ 5 (a y(x)) * 9525600 (@ g(x)) y(x)
767 d a3
1762300 (—g(x)) y(x) (@ g(x))
59 d3 G
1905120 ™ (_Y(x)) (@ g(x)))
59 d2 d
* 2ag140 S (_y(x)) (dx_z 806)) (a g(x))
59 d’ d
9525600 (Wg(’”) (aym)

9971 d3 d
+ 33102400 g(x) y(x) (@ g(x)) (a g(x))

59 5 i i )
952560 S \ax? (x)) 7 8™
59 3 42 59 2
* 524006 $ Y (@ 8(x)) —2048 Sy () (— g(x))
59 (d &
T 1190700 (agW) YOO\ g5 8@
1829 &
* 38102400 ¢ ( y(x)) o 8
s (3e10) (600) * #0209 (500)
952560 \dx °7) \ax ") ™ 76204800 & \axe 8

-5ty (L e
38102400 £ Y\ (g2 8

59 d? d a3
272160 (@ g(x)) (Ey(x)) (@ g(x))
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TR ()3(i ())(i ())+L(d_8 ()) -

3810240 77 \ax ") \ax 897 76204800 \ax® £ ) 7
59 (& : 1711 (d 2 e

* 1360800 (@ g(x)) Y+ 5535600 (a g(x)) y(x) (dx_2 g(x))

y 129 o (Lsw)
76204800 &Y\ G2 &Y

59 d d d*
+m (ag(x)) (a)’(x)) (@ 8(x))

59 5 59 d2 d4 P
76204800 £ Y T 777600 (@ g(x)) () (@ g(X))) (46)
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